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ON THE DEGENERATION OF THE FRO¨LICHER
SPECTRAL SEQUENCE AND SMALL DEFORMATIONS
MICHELE MASCHIO
Abstract. We study the behavior of the degeneration at the second
step of the Fro¨licher spectral sequence of a C∞ family of compact com-
plex manifolds. Using techniques from deformation theory and adapting
them to pseudo-differential operators we prove a result a` la Kodaira-
Spencer for the dimension of the second step of the Fro¨licher spectral
sequence and we prove that, under a certain hypothesis, the degenera-
tion at the second step is an open property under small deformations of
the complex structure. We also provide an example in which we show
that, if we omit that hypothesis, we lose the openness of the degenera-
tion.
1. Introduction
An important topic in complex geometry is the study of the behavior of
certain properties under C∞ changes of the complex structure of a compact
complex manifold. In one of the most celebrated papers, [KS60],the stabil-
ity of the Ka¨hler condition has been proved, namely if a compact complex
manifold admits a Ka¨hler metric and we change in C∞ way its complex struc-
ture, then on the new complex manifold can be defined a Ka¨hler metric. In
this paper we study the stability under small deformations of the complex
structure of the degeneration at the second step of the Fro¨licher spectral
sequence. Spectral sequences are generalizations of exact sequences and
they were introduced by Leray in [Ler50] to compute the homology groups
of sheaves by taking successive approximations. Given a compact complex
manifold (M,J), the Fro¨licher spectral sequence (E•,•r , dr) is the the spectral
sequence of the double complex (Λp,q, ∂, ∂) of C∞ (p, q)-forms of (M,J) (see
[Fro¨55]). It provides a link between the Dolbeault and the de Rham coho-
mology groups. Moreover, it ”measures” the failure of results in cohomology
theory that are valid for Ka¨hler manifolds (or more generally for manifolds
satisfying the ∂∂-Lemma, see [DGMS75] ). The degeneration at the second
step of the Fro¨licher spectral sequence has been studied recently in [Pop16];
the author constructed a pseudo differential operator ∆˜ whose kernel is iso-
morphic to E•,•2 . Since this operator also provides relations between SKT
and Gauduchon metrics and super SKT and strongly Gauduchon metrics
of (M,J) (see [Gau77], [Pop09], [Gau84] and [Mas17] for more information
about those metrics) and since, always in [Pop16], Popovici conjectured a
connection between the degeneration at the second step of (E•,•r , dr) and the
presence of an SKT metric on (M,J), in the second section we prove some
properties of ∆˜.
As stated above, we are interested in the study the behavior of the de-
generation at the second step of (E•,•r , dr) on a compact complex manifold
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(M,J) under small deformations Jt of the complex structure J = J0. More
precisely, under the assumption
Assumption 1. For every (p, q) ∈ Z2, the Hodge numbers hp,q(t), i.e. the
dimension of the Dolbeault cohomology groups of (M,Jt), are constants with
respect to t.
where ∆′′t is the Dolbeault Laplacian of (M,Jt), we prove the following
Theorem 1. Let (M,Jt) be a family of compact complex manifolds. If, for
every (p, q) ∈ Z2, hp,q(t) is independent of t and Ep,q2 (0) ≃ E
p,q
∞ (0). Then,
for every (p, q) ∈ Z2, Ep,q2 (t) ≃ E
p,q
∞ (t) for t sufficiently closed to 0.
The basic tools in the proof of Theorem 1 are the following: the general
a priori estimate
Theorem 2. For every k ∈ Z there exists a constant Ck depending only on
k such that for every φ ∈ Λp,q(M)
(1) ‖φ‖2k+2 ≤ C
(∥∥∥∆˜φ∥∥∥2
k
+ ‖φ‖20
)
and a property of self-adjoint elliptic differential operators that also holds
for ∆˜, namely
Theorem 3. Fix a C∞ family {ωt} of Hermitian metrics. If DimKer∆
′′
t is
independent of t, then DimKer ∆˜t is an upper semi-continuous function in
t.
The paper is organized as follows:
In Section 2 we fix notations and we recall basic facts on the Fro¨licher
spectral sequence, differential operators and Sobolev norms.
In Section 3 we recall the construction of ∆˜ recently made by Popovici in
[Pop16] and we give the proof of Theorem 2.
Section 4 is devoted to the proof Theorem 1. First of all using techniques a`
la Kodaira [Kod06], we show Theorem 3 applied to the family of self-adjoint
”elliptic” pseudo-differential operators {∆˜t}. Then we use Theorems 2 and
3 to prove Theorem 1.
In the last section, starting with the completely solvable Nakamura man-
ifold and taking suitable complex deformations of the complex structure
studied in [TT14], we show, by direct computations, that if Assumption 1
is not satisfied, then also the conclusion of Theorem 1 does not hold.
2. Preliminaries
Let (M,J) be a compact complex manifold of complex dimension n. The
main object of this paper is the Fro¨licher Spectral Sequence (Ep,qr , dr) of
(M,J). Namely, denoting by (Λ•,•(M), ∂, ∂) the double complex of C∞
forms over M , the Fro¨licher spectral sequence (Ep,qr , dr) of (M,J) is the
spectral sequence associated to (Λ•,•(M), ∂, ∂) and it is constructed in the
following way: let Ep,q0 := Λ
p,q(M) and d0 := ∂ : Λ
p,q(M) → Λp,q+1(M),
then, inductively, let Ep,qr be the cohomology group of the (r − 1)-th step
of the sequence and dr : E
p,q
r → E
p+r,q+r−1
r . This spectral sequence satisfies
the following properties:
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• Ep,q1 is isomorphic to the (p, q)-th group of the Dolbeault cohomol-
ogy;
• for every r ≥ 1, Ep,qr is a finite-dimensional complex vector space;
• for every r ≥ 1, dimEp,qr ≥ dimE
p,q
r+1.
Moreover the sequence is said to degenerate at the step r if r is the smallest
integer such that, for every (p, q) ∈ Z2 and every r′ > r, dimEp,qr = dimE
p,q
r′ ,
when this happens we have that HkdR(M) ≃ ⊕p+q=kE
p,q
r . Since the sequence
degenerates at the first step when M is a Ka¨hler manifold, we can say that
it provides a ”measure of the non-Ka¨hlerianity” of a manifold. In particular
we are interested in the degeneration at the second step of (Ep,qr , dr).
Although the spectral sequence is an algebraic object, we use analytic ar-
guments to prove Theorem 3. This is a classic approach, in fact, for example,
the Dolbeault Laplacian can be used to study the Dolbeault cohomology of a
compact complex manifold. Since we will use it later on, we recall its defini-
tion: fix a Hermitian metric g over M and let ∗ be the Hodge-star operator
with respect to g, we recall that the Dolbeault Laplacian ∆′′ is defined as
(2) ∆′′ := ∂∂
∗
+ ∂
∗
∂,
where ∂
∗
:= − ∗ ∂∗ is the operator adjoint to ∂. It is a standard result
that ∆′′ is an elliptic, self-adjoint and non-negative differential operator.
Moreover ∆′′ induces the decompositions
Λp,q(M) = Ker∆′′ ⊕ Im∆′′ = Ker∆′′ ⊕ Im ∂ ⊕ Im ∂.
For every (p, q), we denote with Hp,q := Λp,q(M) ∩Ker∆′′ the space of ∆′′-
harmonic (p, q) forms. It is a well-known fact thatHp,q is a finite dimensional
C-vector space.
Finally, since we need some estimates, we recall the definition of the
Sobolev norm of a (p, q)-form. Let {Uj} be a finite covering by coordinate
neighborhoods of M , let {xij} be coordinate over Uj and let {ηj} be a par-
tition of unity subordinated to {Uj}. Given a C
∞ function f over M , the
k-th Sobolev norm of f ∈ C∞(M,C) is defined as
(3) ‖f‖2k :=
k∑
|L|=0
∑
j
∑
Dlj
∫
Uj
|DLj fj(x)|
2dXj ,
where
• fj := ηjf ;
• L = (l1, . . . , l2n) is a multiindex and |L| = l1 + . . . l2n;
• DLj :=
∂l1
∂x
1,l1
j
. . . ∂
l2n
∂x
2n,l2n
j
is a differential operator of rank |L|;
• dXj is the Lebesque measure associated to g and expressed in the
local coordinates dx1j , ..., dx
2n
j .
If φ is an r-form over M that, for every Uj, can be written locally as
φ =
∑
Al
fAlj dx
Al (dxAl stands for dxl1 ∧ ... ∧ dxlr with {l1, ..., lk} = Al and
l1 < ... < lk), then we define the k-th Sobolev norm of φ as
(4) ‖φ‖2k :=
∑
Al
∥∥fAl∥∥2
k
.
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3. The new Laplacian ∆˜
In [Pop16], Popovici introduced a pseudo-differential operator related to
the second step of the Fro¨licher spectral sequence in the same way the Dol-
beault Laplacian is related to the first step, i.e., the Dolbeault cohomology
of the manifold.
We recall its construction: let
(5) ∆′p′′ := ∂p
′′∂∗ + ∂∗p′′∂,
where, for every (p, q), p′′ : Λp,q(M) → Hp,q is the orthogonal projection
and ∂∗ := − ∗ ∂∗ is the adjoint operator of ∂. Then Popovici defined the
pseudo-differential operator
(6) ∆˜ := ∆′p′′ +∆
′′ : Λp,q(M)→ Λp,q(M),
for every (p, q) ∈ Z2. ∆˜ is not a differential operator, but it is still possible
to prove that it satisfies properties of elliptic operator. In particular we have
Theorem 4. For all p, q, ∆˜ : Λp,q(M) → Λp,q(M) behaves like an elliptic
self-adjoint differential operator in the sense that Ker ∆˜ is a finite dimen-
sional C-vector space, Im ∆˜ is closed and finite codimensional in Λp,q(M),
there is an orthogonal (for the L2 inner product induced by g) 2-space de-
composition
Λp,q(M) = Ker ∆˜⊕ Im ∆˜
giving rise to an orthogonal 3-space decomposition
Λp,q(M) = Ker ∆˜⊕
(
Im ∂ + Im ∂|
Ker ∂
)
⊕
(
Im ∂
∗
+ Im(∂∗ ◦ p′′)
)
in which
Ker ∆˜⊕
(
Im∂ + Im ∂|
Ker ∂
)
= Ker(p′′ ◦ ∂) ∩Ker ∂;
Ker ∆˜⊕
(
Im∂
∗
+ Im(∂∗ ◦ p′′)
)
= Ker(p′′ ◦ ∂∗) ∩Ker ∂
∗
;(
Im ∂ + Im ∂|
Ker ∂
)
⊕
(
Im ∂
∗
+ Im(∂∗ ◦ p′′)
)
= Im ∆˜.
Moreover, ∆˜ has a compact resolvent which is a pseudo-differential operator
G of order −2, the Green operator of ∆˜, hence the spectrum of ∆˜ is discrete
and consists of non-negative eigenvalues that tend to +∞.
In the same paper, Popovici constructed an isomorphism between the
kernel of ∆˜ ∩ Λp,q(M,J) and Ep,q2 , for every (p, q) ∈ Z
2.
Given the previous theorems, it is natural to study the behavior of ∆˜ in
order to better understand the Fro¨licher spectral sequence. In particular
we want to study this behavior under small deformations of the complex
structure, but we need some preliminary results.
First we study some norm estimates for ∆˜. We observe that, given a
(p, q)-form φ, we have that
(7) ∆′p′′φ =
l∑
a=1
< eap−1,q, ∂
∗φ > ∂eap−1,q +
m∑
b=1
< ebp+1,q, ∂φ > ∂
∗ebp+1,q,
where l = DimCH
p−1,q, m = DimCH
p+1,q and {e◦•,•} is an orthonormal
basis of H•,• as a C-vector space and < •, ◦ > is the standard L2 product.
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Since, for every (p, q)-form ψ, < e◦p,q, ψ >∈ C the following observation is a
direct consequence of (7):
Remark 1. Locally, for every multiindex L, the derivative DLj (∆
′
p′′φ)|Uj
involves only the first derivatives of φ.
In the following we prove that the a priori estimate, proved for example
in [Kod06], still holds for the elliptic pseudo-differential operator with ∆˜.
Theorem 5. For every k ∈ Z there exists a constant Ck, depending on k,
the constant of ellipticity of ∆˜ and on the coefficients of ∆˜, such that for
every φ ∈ Λp,q(M)
(8) ‖φ‖2k+2 ≤ C
(∥∥∥∆˜φ∥∥∥2
k
+ ‖φ‖2k
)
Proof. We prove the theorem for C∞ function, then by using (4) the general
case of an arbitrary (p, q)-form follows straightforward. Let φ be a C∞
function and let {ηj} be a partition of unity subordinated to the finite open
covering {Uj}. Denoting with φj := ηjφ, by the definition (3) we have
(9)
∥∥∥∆˜φ∥∥∥2
k
=
∥∥∥∆′′φ+∆′p′′φ∥∥∥2
k
=
‖∆′′φ‖2k +
∥∥∥∆′p′′φ∥∥∥2
k
+
∑∫
Uj
[(
Dlj∆
′′φj
)(
Dlj∆
′
p′′φj
)]
dXj+
+
∑∫
Uj
[(
Dlj∆
′′φ
)(
Dlj∆
′
p′′φ
)]
dXj .
Since the sum of the last two terms is a real number, it can be either negative
or non-negative. If it is non-negative, we can simply estimate
(10)
∥∥∥∆˜φ∥∥∥2
k
≥
∥∥∆′′φ∥∥2
k
.
By [Fri53], we have that there exists a constant Ck depending only by k, the
constant of ellipticity of ∆˜ and on the coefficients of ∆˜, such that
(11)
∥∥∆′′φ∥∥2
k
≥ C−1k ‖φ‖
2
k+2 − ‖φ‖
2
k
and hence we get the conclusion.
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If the sum is negative, we proceed in the following way
∑∫
Uj
[(
Dlj∆
′′φj
)(
Dlj∆
′
p′′φj
)]
dXj +
∑∫
Uj
[(
Dlj∆
′′φj
)(
Dlj∆
′
p′′φj
)]
dXj =
−
∣∣∣∣∑∫Uj
[(
Dlj∆
′′φj
)(
Dlj∆
′
p′′φj
)]
dXj +
∑∫
Uj
[(
Dlj∆
′′φj
)(
Dlj∆
′
p′′φj
)]
dXj
∣∣∣∣
by Stokes Theorem the second row is equal to
−
∣∣∣∑(−1)l ∫Uj
[
(φj)
(
∆′′DljD
l
j∆
′
p′′φj
)]
dXj + (−1)
l
∫
Uj
[
φj
(
∆′′DljD
l
j∆
′
p′′φj
)]
dXj
∣∣∣ ≥
−
∑∣∣∣∫Uj
[
φj
(
∆′′DljD
l
j∆
′
p′′φj
)]
dXj +
∫
Uj
[
φj
(
∆′′DljD
l
j∆
′
p′′φj
)]
dXj
∣∣∣ ≥
−
∑∫
Uj
∣∣∣[φj (∆′′DljDlj∆′p′′φj)]+ [φj (∆′′DljDlj∆′p′′φj)]∣∣∣ dXj ≥
−2
∑∫
Uj
∣∣∣φj (∆′′DljDlj∆′p′′φj)∣∣∣ dXj ≥
−2
∑(∫
Uj
|φj |
2dXj
) 1
2
(∫
Uj
∣∣∣(∆′′DljDlj∆′p′′φj∣∣∣2 dXj
) 1
2
≥
−2
∑(∫
Uj
|φj |
2dXj
) 1
2 ∑(∫
Uj
∣∣∣(∆′′DljDlj∆′p′′φj∣∣∣2 dXj
) 1
2
.
By Remark 1, we have that, for every k ∈ N, the k-th Sobolev norm of ∆′p′′φ
can be estimated with the 0-th norm of the first derivative of φ. In fact,
since φ is a C∞ function we have that
(12) Dl(∆′p′′φ) =
∑
< ea1,0, ∂φ > D
l∂∗ea1,0,
hence
(13)
∥∥∆′p′′φ∥∥2k =∑
∫
Uj
|
∑
a
< ea1,0, ∂φ > D
l∂∗ea1,0|
2dXj .
Since {ea1,0} is an orthonormal basis, then, for every a = 1, . . . ,dimH
1,0
∂
(M),
there exists a constant C ′a > 0 such that < e
a
1,0, ∂φ >≤ C
′
a ‖∂φ‖0. Let C
′ be
the supremum of such constant and let
(14) C ′k :=
∑∫
Uj
|Dl∂∗ea1,0|
2dXj ,
then we have
(15)
∥∥∆′p′′φ∥∥k ≤ C ′k ∥∥φ′∥∥0 .
Thus we have
−2
∑(∫
Uj
|φ|2dXj
) 1
2 ∑(∫
Uj
∣∣∣(∆′′DljDlj∆′p′′φ∣∣∣2 dXj
) 1
2
≥ −2C ′k ‖φ‖0
∥∥φ′∥∥
0
≥ −C ′k ‖φ‖
2
1 .
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Summing up we have
(16)
∥∥∥∆˜φ∥∥∥2
k
≥
∥∥∆′′φ∥∥2
k
+
∥∥∆′p′′φ∥∥2k − C ′k ‖φ‖21 .
Using (11) we obtain
(17)
∥∥∥∆˜φ∥∥∥2
k
≥ C−1k ‖φ‖
2
k+2 − ‖φ‖
2
k − C
′
k ‖φ‖
2
1 .
If k ≥ 1 then we have
(18)
∥∥∥∆˜φ∥∥∥2
k
≥ C−1k ‖φ‖
2
k+2 − (1 + C
′
k) ‖φ‖
2
k
which is equivalent to the thesis with C = Ck(1 + C
′
k).
If k = 0, we must be more precise in our estimates. In particular, by the
definition of ∆′p′′ and denoting with {e
m
1,0} a basis of H
1,0, we have that
(19)∑∫
Uj
∣∣∆′′∆′p′′φ∣∣2 dXj =∑
∫
Uj
∣∣∣∣∣∆′′
(∑
m
< ∂φ, em1,0 > ∂
∗em1,0
)∣∣∣∣∣
2
dXj .
Since < ∂φ, em1,0 > is a complex number, more precisely
(20) < ∂φ, em1,0 >=< φ, ∂
∗em1,0 >≤ Cm ‖φ‖0 ,
we can estimate (19) with the 0-th norm of φ obtaining
(21)
∥∥∥∆˜φ∥∥∥2
0
≥ C−10 ‖φ‖
2
2 − (1 + C
′′
0 ) ‖φ‖
2
0 ,
where C ′′0 depends only by {e
m
1,0}.

Theorem 5 provides the basis for the estimates in the following sections.
Since we need to construct the Green operator of ∆˜, we prove the following
Proposition 1. If ζ is different from any eigenvalue of ∆˜, then ∆˜− ζId is
bijective.
Proof. [Kod06, p. 338] By construction it is obvious that ∆˜−ζId is injective.
We want to prove that ∆˜ − ζId is surjective. Let φ ∈ C∞(M,C), then we
can write φ =
∑∞
j=1 bjej , where {ej} is an orthonormal basis of C
∞(M,C)
made of eigenfunctions of ∆˜. By [Kod06, Lemma 7.4], we have that, for
every l ∈ N,
∞∑
j=1
|λj |
2l|bj |
2 <∞,
where λj is the eigenvalue associated to ej . Let aj := bj/(λj − ζ), then
∞∑
j=1
|λ|2l|aj |
2 =
∞∑
j=1
|λj|
2l|bj |
2
|λj − ζ|2
<∞
for every l ∈ N. Thus we have that there exists ψ ∈ C∞(M,C) such that
ψ =
∑∞
j=1 ajej . By direct computation we have
(∆˜− ζId)ψ =
∞∑
j=1
(λj − ζ)aj ej =
∞∑
j=1
bjej = φ
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and hence ∆˜− ζId is surjective. 
4. Small Deformations
In this section we prove Theorem 1; to do so we use the theory of defor-
mations of complex structures developed by Kodaira and Spencer in [KS60].
Our approach is similar to the one in [Kod06] for elliptic self-adjoint differ-
ential operators and, when the proof of a statement does not change when
we replace a generic differential operator with ∆˜, we omit that proof.
Let {Jt}, with t ∈ B ⊂ C
m, be a C∞ family of complex structures over
M and let {ωt} be a C
∞ family of Hermitian metrics on the fibers. Suppose
that 0 ∈ B. For every t ∈ B, we denote with ∆′′t , ∆
′
p′′t and ∆˜t the operators
described in the previous section with respect to the complex structure Jt.
Moreover, in this section, we assume the following
Assumption 2. DimKer∆′′t is a constant independent of t.
Proposition 2. If DimKer∆′′t is independent of t, then {∆˜t} is a C
∞ family
of pseudo differential operators.
Proof. From [Kod06], we have that all the derivative operators depend C∞
with respect to t, hence we only need to prove that if {φt} and {ψt} are C
∞
family of (p, q) forms over M and if {gt} is a C
∞ family of Hermitian metrics
over M , then the scalar product < ψt, φt >t varies in a C
∞ way respect to
t. By definition
(22) < ψt, φt >t=
∫
M
ψt ∧ ∗tφt.
Let {Uj} be a finite covering ofM made by open coordinate neighborhood
and let {ηj} be a partition of unity subordinate to {Uj}. Then, for every
t ∈ B we have
(23)
∫
M
ψt ∧ ∗tφt =
∑
j
∫
Uj
ηjψt ∧ ∗tφt.
Now, locally we have ψt =
∑
Ap,Bq
ψ
ApBq
t dz
ApBq and
(24)
∗t φt(z) := (i)
n(−1)k
∑
Ap,Bq
sgn
(
Ap An−p
Bq Bn−q
)
gt(z)φ
ApBq
t (z)dz
Bn−pAn−q .
Then we have
(25)∫
Uj
ηjψt∧∗tφt =
∑
Ap,Bq
σApBp
∫
Uj
ηjψ
ApBq
t φ
ApBq
t gtdz
1∧· · ·∧dzn∧dz1∧· · ·∧dzn,
where σApBp is the sign of the permutation.
In order to prove that the scalar product is C∞, it suffices to show that it
is Ck for every k ∈ N. We begin proving that it is C0: by the continuity of
the integral operator, the coefficients of ψt, φt and gt and since ηjψt ∧∗tφ is
continuous and compactly supported in Uj , we have the continuity of the
scalar product.
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Now we prove by induction over r ∈ N that (22) is Cr. Let r = 1 and
consider the following
(26)
< ψt, φt >t − < ψs, φs >s
t− s
=
1
t− s
∫
M
ψt ∧ ∗tφt − ψs ∧ ∗sφs.
Locally we can rewrite the integral above as
(27)
1
t− s
∑
Ap,Bq
∫
Uj
(
ηjψ
ApBq
t φ
ApBq
t gt − ηjψ
ApBq
s φ
ApBq
s gs
)
dz1∧· · ·∧dzn∧dz1∧· · ·∧dzn.
Now, for every multi-indexes Ap and Bq, we consider the following construc-
tion
(28)
1
t−sηj
(
ψ
ApBq
t φ
ApBq
t gt − ψ
ApBq
s φ
ApBq
s gs
)
=
= 1
t−sηj
(
ψ
ApBq
t φ
ApBq
t (gt − gs) + ψ
ApBq
t (φ
ApBq
t − φ
ApBq
s )gs + (ψ
ApBq
t − ψ
ApBq
s )φ
ApBq
s gs
)
= ηj
(
ψ
ApBq
t φ
ApBq
t
gt−gs
t−s + ψ
ApBq
t
φ
ApBq
t −φ
ApBq
s
t−s gs +
ψ
ApBq
t −ψ
ApBq
s
t−s φ
ApBq
s gs
)
.
When t tends to s, we obtain that
(29)
d<ψt,φt>t
dt
|t=s= < ψ
′
s, φs >s + < ψs, φ
′
s >s
+
∑
j
∑
Ap,Bq
∫
Uj
ηjψ
ApBq
s φ
ApBq
s g
′
sdz
1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn,
where φ′s and ψ
′
s denote the derivative along t of the C
∞ forms φ(z, t) and
ψ(z, t) respectively. Using the same arguments of the C0 case, we have the
derivative is continuous.
Suppose, by induction, that (22) is Cr. By reiteration of (29) we have
that the r-th derivative of (22) is made by two type of components
i) < ψ
(i)
t , φ
(j)
t >t;
ii)
∫
M
g
(k)
t ψ
(i)
t ∧ φ
(j)
t , for some k ∈ N.
In either case, using the same argument as above, we have the existence and
the continuity of the derivative of the r-th derivative of < φ(z, t), ψ(z, t) >t.

Theorem 3. If DimKer∆′′t is independent of t, then DimKer ∆˜t is an
upper semi-continuous function in t.
In order to prove Theorem 3 we need some preliminary results.
Lemma 1 (Fridedichs’ Inequality). For every k ∈ N, there exists a con-
stant Ck independent of t such that, for every C
∞ family {φt} with φt ∈
Λp,q(M,Jt), the inequality
(30) ‖φ‖2k+2 ≤ Ck(
∥∥∥∆˜tφ∥∥∥2
k
+ ‖φ‖20)
holds.
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Proof. By Theorem 5, for every t ∈ B and for every k ∈ N there exists a
constant Ck,t such that
(31) ‖φt‖
2
k+2 ≤ Ck,t(
∥∥∥∆˜tφt∥∥∥2
k
+ ‖φt‖
2
k)
holds for every φ ∈ Λp,q(M,Jt). Since {gt} is a continuous family the Sobolev
norm varies continuously with respect to t, then, up to shrinking B, we have
that Ck := sup{Ck,t} <∞. Then we obtain
(32) ‖φt‖
2
k+2 ≤ Ck(
∥∥∥∆˜tφt∥∥∥2
k
+ ‖φt‖
2
k).
We will prove (30) by induction over k. For k = 0, the equations (30)
and (32) are the same. Then the thesis holds for k = 0. Now suppose that
thesis holds for k − 1. By equation (30) at the step k − 1 we have
‖φ‖2k ≤ ‖φ‖
2
k+1 ≤ Ck−1
(∥∥∥∆˜φ∥∥∥2
k−1
+ ‖φ‖20
)
.
Since
∥∥∥∆˜φ∥∥∥2
k−1
≤
∥∥∥∆˜φ∥∥∥2
k
, we get
(33) ‖φ‖2k+2 ≤ Ck(
∥∥∥∆˜tφ∥∥∥2
k
+ ‖φ‖2k) ≤ Ck(1 + Ck−1)
(∥∥∥∆˜tφ∥∥∥2
k
+ ‖φ‖20
)
.

Theorem 7. If Et is bijective for every t and if there exists a constant c
such that ‖φ‖0 ≤ c ‖Etφt‖0 for every φt ∈ Λ
p,q(M,Jt). Then the family {Gt}
of Green operator associated to {Et} is C
∞ differentiable in t.
Proof. This theorem can be proved using the same arguments of [Kod06,
Theorem 7.5] by making the following observation: by hypothesis, we have
that, for every t
(34) ‖φt‖0 ≤ c ‖Etφt‖0 ≤ c ‖Etφt‖k .
Hence, there exists a constant c′ independent of t and φt such that
(35) ‖φt‖k+2 ≤ c
′
∥∥∥∆˜tφt∥∥∥
k
.
By Sobolev’s inequality, we have for large enough k:
(36) |Dljφ
λ
j (x)| ≤ c ‖φ‖k+2 .
Hence
(37) |Dljφ
λ
j (x)| ≤ C
∥∥∥∆˜tφ∥∥∥
k
.
Now we are in the same conditions of [Kod06, Theorem 7.5] and we can
proceed in same way.

In order to proceed we need the following result that guarantees the ex-
istence of an orthonormal basis of eigenvectors.
Lemma 2 ([GT84, Lemma 1.6.3]). Let P : C∞(M,C) → C∞(M,V ) be an
elliptic self-adjoint pseudo-differential operator of order d¿ 0. Then
• We can find a complete orthonormal basis {ψn}
∞
n=1 for L
2(M) of
eigenvectors of P . Pψn = λnψn.
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• The eigenvectors ψn are smooth and limn→∞ |λn| =∞.
• If we order the eigenvalues |λ1| ≤ |λ2| ≤ . . . then there exists a
constant C > 0 and an exponent δ > 0 such that |λn| ≥ Cnδ if
n > n0 is large.
Lemma 3. Let ζ0 ∈ C be different from any eigenvalue of ∆˜0. Then there
exist δ > 0 and c > 0 such that, for |t| < δ and |ζ − ζ0| < 0, the following
inequality
(38) ‖φ‖0 ≤ c
∥∥∥(∆˜t − ζId)φ∥∥∥
0
holds.
Proof. Suppose that, for any small δ > 0 there is no such constant. Then,
for q=1,2,..., there exist tq ∈ B, ζq ∈ C and φq ∈ Λ
p,q(Mt) such that
|tq − t0| <
1
q
, |ζq − ζ0| <
1
q
,
∥∥∥∆˜tq (ζq)φq∥∥∥
0
< 1
q
, ‖φq‖0 = 1.
By Lemma 1, we have
(39) ‖φq‖
2
2 ≤ c0(
∥∥∥∆˜tq (ζq)φq∥∥∥2
0
+ ‖φq‖
2
0) ≤ 2c0.
Since the coefficients of ∆˜ are C∞ function on (x, t) and ∆˜(ζq)φq is uniformly
bounded, we have
(40)
∥∥∥∆˜tq(ζq)φq − ∆˜0(ζ0)φq∥∥∥
0
→ 0.
Since
∥∥∥∆˜tq (ζq)φq∥∥∥
0
< 1
q
then∥∥∥∆˜0(ζ0)φq∥∥∥
0
→ 0.
But by (39) for a suitable µ0 we have∥∥∥∆˜0(ζ0)φq∥∥∥
0
≥ µ0 ‖φq‖0 .
Hence ‖φq‖0 → 0, which contradicts the hypothesis. 
Let C be a closed Jordan curve on the complex which does not pass
through any eigenvalue of ∆˜0. As in [Kod06], we denote with ((C)) the
interior of C. Since, for sufficient small t, C does not contain any eigenvalue
of ∆˜, we can define the operator
(41) Ft(C)φ :=
∑
λk(t)∈((C))
< φ, ekt > e
k
t ,
and put Ft(C) := Ft(C)Λ
p,q
t (M). Obviously, Ft(C) is a finite dimensional
linear subspace of Λp,qt (M).
Lemma 4. The operator Ft(C) can be written as
Ft(C)φ = −
1
2πi
∫
C
Gt(ζ)φdζ,
where Gt(ζ) is the Green operator associated to ∆˜t(ζ).
Lemma 5. Ft(C) is C
∞ in t for |t| < δ.
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Proof. Since G(ζ) is C∞ in (t, ζ), it follows that, if φt is C
∞ in t, then, by
the definition above, also Ft(C) is C
∞ in t. 
Lemma 6. DimFt(C) is independent of t for |t| < δ.
Proof. Let d = DimF0(C) and let {e1, ..., ed} be a basis for F0(C). Since
Ft(C)er are C
∞ differentiable in t, and F0(C)er = er are linearly inde-
pendent. Therefore Ft(C)er are linearly independent for sufficient small t.
Hence DimFt ≥ d.
Suppose that, for any δ > 0, there exists t such that |t| < δ and DimFt(C) >
d. Then it is possible to find a sequence tq such that |tq| <
1
q
and DimFtq >
d. Let {λqr} be d + 1 eigenvalues of ∆˜tq and let {e
q
r} be the relative eigen-
functions. For a sufficient large k we have
|pqrD
j
je
q
r(x)|
2 ≤ |Djje
q
r(x)|
2 ≤ Ck(1 +
k∑
α=1
|λqr|
2).
Then
|∆˜tqe
q
r(x)|
2 ≤ 4C2k(1 +
k∑
α=1
|λqr|
2).
Since λqr ∈ ((C)), the sequence ∆˜tqe
q
r(x) is uniformly bounded in B. Then,
up to subsequences, {∆˜tqe
q
r(x)} converges uniformly and we have
lim
q→+∞
∆˜tqe
q
r = ∆˜0e
0
r = ∆˜er.
Since ∆˜tqe
q
r = λ
q
re
q
r, the sequence {λ
q
r} converges to λr and we have
∆˜0er = λrer ‖er‖0 = 1.
This means that λr is an eigenvalue and er an eigenfunction of ∆˜0. Since
there are no eigenvalue on C, λr ∈ ((C)). Moreover
(er, es) = lim
q→+∞
(eqr, e
q
s) = δrs,
this means that there are d+1 linearly independent eigenfunctions. This
contradicts the hypothesis. 
Proof of Theorem 3. To conclude the proof we only need to consider a Jor-
dan curve passing around the eigenvalue 0 and not containing any other
eigenvalue of ∆˜0. The thesis follows directly from Lemma 6.

Theorem 1. Let (M,Jt) be a family of complex manifolds and suppose
that the dimension of Ker∆′′t ∩ Λ
p,q(M,Jt) is independent of t for every
(p, q) ∈ Z2. Then the degeneration at the second step of the Fro¨licher spectral
sequence is stable under small deformations of the complex structure.
Proof. We denote with bk the dimension of H
k
dR(M ;C), with h˜
p,q
t the com-
plex dimension of Ker ∆˜t ∩ Λ
p,q(M,Jt) and with e
p,q
2 (t) the dimension of
Ep,q2 (M,Jt). We recall the degeneration at the second step of {E
p,q
r (M,Jt)}
is equivalent to
(42) bk =
∑
p+q=k
ep,q2 (t);
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by Theorem [Pop16, Theorem 3.4] we have
(43)
∑
p+q=k
h˜p,qt =
∑
p+q=k
ep,q2 (t);
finally, by Theorem 3, we know that h˜p,qt is an upper-semi continuous func-
tion of t.
Suppose that the Fro¨licher spectral sequence of (M,J0) degenerates at
the second step, then, summing up all the previous considerations, we have
(44) bk =
∑
p+q=k
ep,q2,0 =
∑
p+q=k
h˜p,q0 ≥
∑
p+q=k
h˜p,qt =
∑
p+q=k
ep,q2,t ≥ bk.
Thus
(45) bk =
∑
p+q=k
h˜p,qt =
∑
p+q=k
ep,q2,t ,
that means that, for t small enough, the Fro¨licher spectral sequence of Mt
degenerates at the second step. 
5. Example
In this section we provide an example of C∞ curve of compact complex
manifolds such that the Fro¨licher spectral sequence degenerate at the sec-
ond step for one of them and at higher steps for for the others. In this
example the dimension of Ker∆′′t is not constant with respect to t showing
the importance of Assumption 1. Let X be the Nakamura manifold, namely
a compact complex three-dimensional holomorphically parallelizable solv-
manifold constructed in the following way: let G be the Lie group defined
as G := C⋉φ C
2, where
(46) φ(z) :=
(
ez 0
0 e−z
)
.
Let Γ := Γ′ ⋉φ Γ
′′ be a lattice in G, where Γ′′ is a lattice in C2 and Γ′ :=
Z(a+ib)+Z(c+id) is such that it is a lattice in C and φ(a+ib) and φ(c+id)
are conjugate elements in SL(4,Z). Then X := Γ \G.
We consider the following deformation of X: let t ∈ C and consider the
(0, 1)-form on X with value in T 1, 0X defined by
φt = te
z1dz1 ⊗
∂
∂z2
.
For |t| < ǫ, let Xt be the small deformation of X associated to φt. We prove
the following
Theorem 9. The Fro¨licher spectral sequence of Xt degenerates at the second
step for t = 0, while it degenerates at higher steps for t 6= 0.
First we recall that the Betti’s number of X are the following
(47) b0 = b6 = 1, b1 = b5 = 2, b2 = b4 = 5, b3 = 8.
Moreover it is a well-known fact that they do not change under deformations
of the complex structure. Now we explicitly compute E•,•1 (Xt) and E
•,•
2 (Xt)
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and we show that
(48) bk =
∑
p+q=k
DimEp,q2 (X0)
for every k = 1, ..., 6, while the equality is false for t 6= 0.
We proceed in the following way: we begin with the computation of the
Dolbeault cohomology ofXt since, as we recalled is Section 2, the first step of
the Fro¨licher spectral sequence is isomorphic to the Dolbeault cohomology,
namely Ep,q1 (Xt) ≃ H
p,q
∂
(Xt) for every (p, q) ∈ Z
2. By applying [AK12,
Theorem 1.3], in [TT14] Tomassini and Torelli found the ∆′′t -harmonic forms
of Xt; for every (p, q) ∈ Z, those forms are a basis for H
p,q
∂
(Xt) as C vector
space. Then, as proved in [CFUG97], Ep,q2 (Xt) can be described as
(49) Ep,q2 =
Xp,q2 (Xt)
Y p,q2 (Xt)
,
where
(50)
Xp,q2 (Xt) :=
{
α ∈ Λp,q(Xt)|∂α = 0 and ∃β ∈ Λ
p+1,q−1(X0) s.t. ∂α+ ∂β = 0
}
,
(51) Y p,q2 (Xt) :=
{
∂α+ ∂β ∈ Λp,q(X0)|∂α = 0
}
.
Namely, if α ∈ Xp,q2 (Xt), [α]2 ∈ E
p,q
2 (Xt) can be written as
(52) [α]2 = {α + ∂β + ∂γ|∂β = 0}.
On the other hand, Ep,q2 (X0) is the cohomology group of the complex
(53) Ep−1,q1 (X0)
d1−→ Ep,q1 (X0)
d1−→ Ep+1,q1 (Xt)
where d1 is the operator [α] 7→ [∂α]. Since it is well defined and every
∂-closed form α belongs to a class in the Dolbeault cohomology, we need
only to work with ∆′′t -harmonic form. In fact if an harmonic form φ is such
that ∂φ is ∂-exact, then every form α = φ + ∂β is such that ∂α is ∂-exact.
Moreover, from the decomposition
(54) Ker ∂t = H
•,•(Xt)⊕ Im ∂t
we have that if φ is ∂-exact then it is the the image through ∂ of another
harmonic form.
Now we proceed with the computation. We recall that in [TT14], the
Dolbeault cohomology of Xt was computed using a suitable sub-complex
(Bt, ∂t) ⊂ (Γ
•,•Xt, ∂t). Namely, let
Bt := ∧
•,•(C < φ1,01 (t), φ
1,0
2 (t), φ
1,0
3 (t) > ⊕C < φ
0,1
1 (t), φ
0,1
2 (t), φ
0,1
3 (t) >,
where
φ1,01 (t) := dz1, φ
1,0
2 (t) := e
−z1dz2 − tdz1, φ
1,0
3 (t) := e
z1dz3,
φ0,11 (t) := dz1, φ
1,0
2 (t) := te
z1−z1dz1 − e
−z1dz2, φ
1,0
2 (t) := e
z1dz3.
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We have the following structure equations

dφ1,01 (t) = 0
dφ1,02 (t) = −φ
1,0
1 (t) ∧ φ
1,0
2 (t)− tφ
1,0
1 (t) ∧ φ
0,1
1 (t)
dφ1,03 (t) = φ
1,0
1 (t) ∧ φ
1,0
3 (t)
dφ0,11 (t) = 0
dφ0,12 (t) = −φ
1,0
1 (t) ∧ φ
0,1
2 (t) + te
z1−z1φ1,01 (t) ∧ φ
0,1
1 (t)
dφ0,13 (t) = φ
1,0
1 (t) ∧ φ
0,1
3 (t)
Then (Bt, ∂t) is a finite sub-complex of (Γ
•,•Xt, ∂t), which is smooth on
X × B(0, ǫ), closed with respect to the C-anti-linear Hodge star operator
∗t associated to the Hermitian metric gt :=
∑3
i=1 φ
1,0
i (t) ⊙ φ
1,0
i (t) and such
that H•,•
∂
(B0) ≃ H
•,•
∂
(X).
We start with the computation of Ep,q1 (X0). For t = 0 we have that every
(p, q)-form of the type
∧p,q
(
C < φ1,01 (0), φ
1,0
2 (0), φ
1,0
3 (0) > ⊕C < φ
0,1
1 (0), φ
0,1
2 (0), φ
0,1
3 (0) >
)
is ∆′′-harmonic. Thus they form a basis for Ep,q1 (X0). Next we compute
the image through ∂ of every harmonic form. In Table 1 we report only the
harmonic forms that are not ∂-closed.
Using the same Table, we also know which harmonic form is ∂-exact and
so represents the zero class in Ep,q2 (X0). Let φ be a harmonic (p, q)-form in
Table 1, we want to know if ∂φ is ∂-exact. To do so we consider the scalar
product of ∂φ with every (p + 1, q) harmonic form and, by straightforward
computation, we have that it is never zero. Then, again by the decompo-
sition Ker ∂t = H
•,•
∂
(X0) ⊕ Im ∂t, they are not such that ∂φ is ∂-exact. In
Table 2 is listed a basis for Ep,q2 (X0).
Instead, for t 6= 0, the ∆′′-harmonic forms are listed in Table 3
Using the same arguments as in the case t = 0, we obtain that Ep,q2 (Xt)
is generated by the forms listed in Table 4
Let hp,q(t) := DimHp,q
∂
(Xt) and e
p,q
2 (t) := DimE
p,q
2 (Xt).
Then we have that, for t = 0 and k ∈ Z,
∑
p+q=k e
p,q
2 (0) = bk and this is
equivalent to the degeneration at the second step of (E•,•r (X0), dr). While,
for t 6= 0 and k = 2, 4, bk <
∑
p+q=k e
p,q
2 (t) (see Table 5).
So we have proved Theorem 9.
Remark 2. The dimensions of Ep,q2 (Xt) do not vary, in general, nor upper
semi-continuously neither lower semi-continuously with respect to t. For
example e2,12 (t) is a lower semi-continuous function of t and e
2,2
2 (t) is upper
semi-continuous.
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φ ∂φ
φ1,02 −φ
1,0
12
φ1,03 φ
1,0
13
φ0,12 −φ
1,0
1 ∧ φ
0,1
2
φ0,13 φ
1,0
1 ∧ φ
0,1
3
φ1,02 ∧ φ
0,1
1 −φ
1,0
12 ∧ φ
0,1
1
φ1,02 ∧ φ
0,1
2 −2φ
1,0
12 ∧ φ
0,1
2
φ1,03 ∧ φ
0,1
1 φ
1,0
13 ∧ φ
0,1
1
φ1,03 ∧ φ
0,1
3 φ
1,0
13 ∧ φ
0,1
3
φ1,023 ∧ φ
0,1
2 −φ
1,0
123 ∧ φ
0,1
2
φ1,023 ∧ φ
0,1
3 φ
1,0
123 ∧ φ
0,1
3
φ0,112 −φ
1,0
1 ∧ φ
0,1
12
∂φ0,113 φ
1,0
1 ∧ φ
0,1
13
φ1,02 ∧ φ
0,1
12 −2φ
1,0
12 ∧ φ
0,1
12
φ1,02 ∧ φ
0,1
23 −φ
1,0
12 ∧ φ
0,1
23
φ1,03 ∧ φ
0,1
13 2φ
1,0
13 ∧ φ
0,1
13
φ1,03 ∧ φ
0,1
23 φ
1,0
13 ∧ φ
0,1
23
φ1,023 ∧ φ
0,1
12 −φ
1,0
123 ∧ φ
0,1
12
φ1,023 ∧ φ
0,1
13 φ
1,0
123 ∧ φ
0,1
13
φ1,02 ∧ φ
0,1
123 −φ
1,0
12 ∧ φ
0,1
123
φ1,03 ∧ φ
0,1
123 φ
1,0
13 ∧ φ
0,1
123
Table 1. Image through ∂ of ∆′′-harmonic forms of X0.
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(p, q) Basis for Ep,q2 (X0)
(0, 0) 1
(1, 0) φ1,01
(0, 1) φ0,11
(2, 0) φ1,023
(1, 1) φ1,01 ∧ φ
0,1
1 , φ
1,0
2 ∧ φ
0,1
3 , φ
1,0
3 ∧ φ
0,1
2
(0, 2) φ0,123
(3, 0) φ1,0123
(2, 1) φ1,012 ∧ φ
0,1
3 , φ
1,0
13 ∧ φ
0,1
2 , φ
1,0
23 ∧ φ
0,1
1
(1, 2) φ1,01 ∧ φ
0,1
23 , φ
1,0
2 ∧ φ
0,1
13 , φ
1,0
3 ∧ φ
0,1
12
(0, 3) φ0,1123
(3, 1) φ1,0123 ∧ φ
0,1
1
(2, 2) φ1,012 ∧ φ
0,1
13 , φ
1,0
13 ∧ φ
0,1
12 , φ
1,0
23 ∧ φ
0,1
23
(1, 3) φ1,01 ∧ φ
0,1
123
(3, 2) φ1,0123 ∧ φ
0,1
23
(2, 3) φ1,023 ∧ φ
0,1
123
(3, 3) φ1,0123 ∧ φ
0,1
123
Table 2. Basis for Ep,q2 (X0).
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Bi-degree ∆′′-Harmonic form
(0,0) 1
(1,0) φ1,01 (t), φ
1,0
3 (t)
(2,0) φ1,012 (t), φ
1,0
13 (t)
(3,0) φ1,0123(t)
(0,1) φ0,11 (t), φ
0,1
2 (t), φ
0,1
3 (t)
(1,1) φ1,01 (t) ∧ φ
0,1
2 (t), φ
1,0
1 (t) ∧ φ
0,1
3 (t), φ
1,0
2 (t) ∧ φ
0,1
1 (t)
φ1,03 (t) ∧ φ
0,1
1 (t), φ
1,0
3 (t) ∧ φ
0,1
2 (t), φ
1,0
3 (t) ∧ φ
0,1
3 (t)
(2,1) φ1,012 (t) ∧ φ
0,1
1 (t), φ
1,0
12 (t) ∧ φ
0,1
2 (t), φ
1,0
12 (t) ∧ φ
0,1
3 (t)
φ1,013 (t) ∧ φ
0,1
2 (t), φ
1,0
13 (t) ∧ φ
0,1
3 (t), φ
1,0
23 (t) ∧ φ
0,1
3 (t)
(3,1) φ1,0123(t) ∧ φ
0,1
1 (t), φ
1,0
123(t) ∧ φ
0,1
2 (t), φ
1,0
123(t) ∧ φ
0,1
3 (t)
(0,2) φ0,112 (t), φ
0,1
13 (t), φ
0,1
23 (t)
(1,2) φ1,01 (t) ∧ φ
0,1
23 (t), φ
1,0
2 (t) ∧ φ
0,1
12 (t), φ
1,0
2 (t) ∧ φ
0,1
13 (t)
φ1,03 (t) ∧ φ
0,1
12 (t), φ
1,0
3 (t) ∧ φ
0,1
13 (t), φ
1,0
3 (t) ∧ φ
0,1
23 (t)
(2,2) φ1,012 (t) ∧ φ
0,1
12 (t), φ
1,0
12 (t) ∧ φ
0,1
13 (t), φ
1,0
12 (t) ∧ φ
0,1
23 (t)
φ1,013 (t) ∧ φ
0,1
23 (t), φ
1,0
23 (t) ∧ φ
0,1
12 (t), φ
1,0
23 (t) ∧ φ
0,1
13 (t)
(3,2) φ1,0123(t) ∧ φ
0,1
12 (t), φ
1,0
123(t) ∧ φ
0,1
13 (t), φ
1,0
123(t) ∧ φ
0,1
23 (t)
(0,3) φ0,1123(t)
(1,3) φ1,02 (t) ∧ φ
0,1
123(t), φ
1,0
3 (t) ∧ φ
0,1
123(t)
(2,3) φ1,012 (t) ∧ φ
0,1
123(t), φ
1,0
23 (t) ∧ φ
0,1
123(t)
(3,3) φ1,0123(t) ∧ φ
0,1
123(t)
Table 3. ∆′′-Harmonic forms for Xt with t 6= 0.
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(p, q) Basis for Ep,q2 (Xt)
(0, 0) 1
(1, 0) φ1,01 (t)
(0, 1) φ0,11 (t)
(2, 0) φ1,012 (t)
(1, 1) φ1,03 (t) ∧ φ
0,1
1 (t), φ
1,0
3 (t) ∧ φ
0,1
2 (t)
(0, 2) φ0,112 (t), φ
0,1
13 (t), φ
0,1
23 (t)
(3, 0) φ1,0123(t)
(2, 1) φ1,012 (t) ∧ φ
0,1
2 (t), φ
1,0
12 (t) ∧ φ
0,1
3 (t), φ
1,0
13 (t) ∧ φ
0,1
2 (t)
(1, 2) φ1,01 (t) ∧ φ
0,1
23 (t), φ
1,0
2 (t) ∧ φ
0,1
13 (t), φ
1,0
3 (t) ∧ φ
0,1
12 (t)
(0, 3) φ0,1123(t)
(3, 1) φ1,0123(t) ∧ φ
0,1
1 (t), φ
1,0
123(t) ∧ φ
0,1
2 (t), φ
1,0
123(t) ∧ φ
0,1
3 (t)
(2, 2) φ1,012 (t) ∧ φ
0,1
13 (t), φ
1,0
12 (t) ∧ φ
0,1
23 (t)
(1, 3) φ1,03 (t) ∧ φ
0,1
123(t)
(3, 2) φ1,0123(t) ∧ φ
0,1
23 (t)
(2, 3) φ1,023 (t) ∧ φ
0,1
123(t)
(3, 3) φ1,0123(t) ∧ φ
0,1
123(t)
Table 4. Basis for Ep,q2 (Xt) with t 6= 0.
ON THE DEGENERATION OF THE FRO¨LICHER SPECTRAL SEQUENCE AND SMALL DEFORMATIONS21
t = 0 t 6= 0
Bi-degree bk h
p,q(0) ep,q2 (0) h
p,q(t) ep,q2 (t)
(0, 0) 1 1 1 1 1
(1, 0) 3 1 2 1
2
(0, 1) 3 1 3 1
(2, 0) 3 1 2 1
(1, 1) 5 9 3 6 2
(0, 2) 3 1 3 3
(3, 0) 1 1 1 1
(2, 1) 9 3 6 3
8
(1, 2) 9 3 6 3
(0, 3) 1 1 1 1
(3, 1) 3 1 3 3
(2, 2) 5 9 3 6 2
(1, 3) 3 1 2 1
(3, 2) 3 1 3 1
2
(2, 3) 3 1 2 1
(3, 3) 1 1 1 1 1
Table 5. Comparison between dimensions of E•,•r (X0) and
E•,•r (Xt), with r = 1, 2 and t 6= 0.
